Abstract A finite simple group of Lie type in defining characteristic p has exactly two p-blocks, the principal block and a block of defect zero consisting of the Steinberg character whose degree is the p-part of the order of the group. In this paper we characterize finite groups G which have exactly the principal p-block and a p-block of defect zero consisting of an irreducible character of degree |G| p .
Introduction
Determining the number of p-blocks of a finite group is in general a very subtle task and extremly difficult to answer if at all. The easiest case, namely that G has only one block, has been settled completely by Harris in [10] . The next case, i.e., a complete characterization of groups G which have exactly two blocks does not seem to be accessible. In particular, the situation O p (G) = 1 seems out of reach. However if we restrict to the case that G has only the principal p-block and a p-block of defect zero (which implies O p (G) = 1) the methods are strong enough to determine the group up to some extent. This case is of particular interest since the canonical situation is that of a finite simple group of Lie type in defining characteristic p (see [12] , section 8.5) . In this case the block of defect zero consists of the Steinberg character which has degree |G| p . Definition 1.1 A finite group G is called Lie-type-like for the prime p if G has exactly the principal p-block and a p-block of defect zero with an irreducible ordinary character of degree |G| p .
In this paper we prove the following two theorems where the second one depends on the classification of finite simple groups.
Proof. The "if" part is clear, and it suffices to prove the "only if" part. By Theorem 1.2, we write G = HP with |P | = p n and |H| = r m . Since P acts regularly on the non-trivial elements of H we have r m − 1 = p n .
If m = 1 = n, then r = 3, p = 2 and G = S 3 . If n = 1 < m, then p is a Mersenne prime and P (of order p) is generated by a Singer cycle in GL(m, 2) acting on H = F m 2 . If m = 1 < n, then r = |P | + 1 = 2 n + 1 is a Fermat prime and P = F * r acts on H = F r by multiplication.
Thus we may assume that m, n > 1. In this case the only solution of r m − 1 = p n is 3 2 − 1 = 2 3 according to [19] , and we get G = (C 3 × C 3 ).Q 8 where Q 8 is the quaternion group of order 8. (Since p and r are primes the deep result of [19] can be avoided due to elementary calculations.) P Theorem 1.4 Let G be a finite group with F * (G) = F(G) and let p be a prime dividing |G|. Then G is a Lie-type-like group for the prime p if and only if one of the following holds.
(i) G is a finite simple group of Lie type in defining characteristic p.
. Thus, as an immediate Corollary we have Corollary 1.5 If G is a non-solvable Lie-type-like group then G is a finite group of Lie type in defining characteristic p or p = 2 and G = M 10 . Furthermore, G is simple for p ≥ 5.
Throughout this paper all groups are assumed to be finite and p always means a prime. By Aut(G) we denote the automorphism group and by Bl(G) the set of pblocks of G. Sometimes we also use the notation Bl p (G) to avoid ambiguity. We say that two blocks B 1 and B 2 are Aut(G)-conjugate if there is a σ ∈ Aut(G) such that B σ 1 = B 2 . Similar to the notation for conjugacy classes, we use Cl(Bl(G)) to denote the set of Aut(G)-conjugate classes of p-blocks of G. Finally, cd(G) stands for the set of irreducible ordinary character degrees of G. For other notations, the reader is referred to the books [21] , [22] , [14] .
Preliminaries
In this section we collect some general results on p-blocks of finite groups.
Proof. This is obvious (see [21] , Chap. 5, Lemma 5.3). P
corresponds to a p-block of G by inflation. The second statement follows by the fact that G has a p-block whose characters do not restrict trivially on O p (Z(G)) = 1. P
Proof. According to Lemma 2.2 the normal subgroup N has at least three blocks which belong to different conjugacy classes. Thus the assertion follows by Lemma 2.1 P Proposition 2.4 Suppose that G has exactly two p-blocks.
b) Note that the p-blocks of H which are covered by the same p-block of G are Gconjugate and that every p-block of H has only one irreducible character. Since G has exactly two p-blocks it follows that |cd(H)| ≤ 2. Thus, by Corollary 12.6 of [14] , the group H is solvable. We claim that |cd(H)| = 2. If |cd(H)| = 2 then the irreducible characters of H of same degree must be G-conjugate. It follows that H has only one irreducible character of degree 1. But this implies |H : H | = 1, which contradicts the solvability of H = 1.
Thus we have |cd(H)| = 1 and therefore H is abelian. Since G has exactly two p-blocks, all nontrivial irreducible characters of H must be G-conjugate. According to ([14] , Corollary 6.33), we deduce that all nontrivial elements of H are G-conjugate. This means that H is an abelian minimal normal subgroup of G.
c) Assume H = 1. By part b), H is an elementary abelian r-subgroup for some prime [16] , Section 6.5). Clearly, E(G)/Z(E(G)) is a direct product of some nonabelian simple groups. By Proposition 2.6 Let G be a Lie-type-like group for the prime p. Then F * (G) is either a nonabelian simple group or an abelian minimal normal subgroup of G.
and we are done. Thus we may assume L = F(G) in the following. We first suppose that p is odd. Since G is a Lie-type-like group, we have | Cl(Bl(L))| = 2 and that L has an irreducible character of degree |L| p . According to Proposition 2.4 c) we have O p (G) = 1. So the generalized Fitting subgroup L of G is a direct product of some non-abelian simple groups. Set L = S 1 ×· · ·×S k with simple groups S i . According to [2] we have
by Lemma 2.1, the group G has at least three p-blocks, a contradiction. Thus we have k = 1 which proves that L is a non-abelian simple group.
We now suppose p = 2. We claim F(G) = 1. Suppose the contrary is true. Then we may assume that | Bl(L/Z(L))| = 1, by Proposition 2.4 b) and Corollary 2.3. According to [10] the factor group L/Z(L) is a direct product of copies of M 22 and
Observe that L and therefore L 1 must have an irreducible character χ of defect zero and degree χ(1) = |M 22 | 2 or |M 24 | 2 respectively. But such a character does not exist since in the first case we have
in the second
Thus the claim is proved. It follows that L is a direct product of some non-abelian simple groups. Since neither M 22 nor M 24 has an irreducible character of 2-defect zero, we see that L has no composition factor isomorphic to M 22 or M 24 . Hence all composition factors of L have at least two 2-blocks. Using the same argument as in the p odd case, we get that L must be simple. P
Recall that X is said to be of type M if X is a quasisimple group with X/ Z(X) isomorphic to a simple group M . Lemma 2.7 Let G be a finite group with exactly two 2-blocks.
Proof. The statement of the Lemma is a direct consequence of Proposition 2.4 b), Corollary 2.3, and Theorem 1 of [10] . P
In the following we need the definition of a p-deficiency class which was introduced by R. Brauer in ( [1] , Sect. IV).
Definition 2.8 If r is a non-negative integer then G is said to be of p-deficiency class r if all non-principal p-blocks of G have defect less than r.
According to this definition, G is of p-deficiency class 0 if and only if G has only one p-block, and G is of p-deficiency class 1 if and only if all non-principal p-blocks of G are of defect zero. There are several equivalent conditions which characterize groups of p-deficiency class 1.
Lemma 2.9 ([10], Corollary 3.8).
A finite group G is of p-deficiency class 1 if and only if C G (x) is of p-deficiency class 0 for all x ∈ G of order p.
Using the same argument as in ([17] , Proposition 2.5) we get Lemma 2.10 Let G be a finite group. Then the following two statements are equivalent.
Proof. According to Lemma 2.9 it suffices to show that a) implies b).
Let 1 = x be a p-element of G and let b be a p-block of C G (x) with defect group D. Clearly x ∈ D and therefore C G (D) ≤ C G (x). Thus b is admissible (see [21] We would like to mention that the next result may be seen as a strengthening of a result of R. Brauer (see [2] , Theorem 2.1). Clearly, if G is a Frobenius group as in Theorem 1.2 then G has only the principal block and a block of defect zero whose irreducible character is of degree |G| p according to Clifford's theorem.
Corollary 2.11
Thus we may assume that G is a finite Lie-type-like group and that F * (G) = F(G).
We have to prove that G has the structure as given in Theorem 1.2. By Proposition 2.4 we know that H = O p (G) is an abelian minimal normal subgroup of G, hence is an r-group. Furthermore, since G has exactly two blocks, G acts transitively on the non-trivial elements of H, by ([22] , Corollary 9.3). Let χ be any non-trivial irreducible character of H and let T (χ) denote the inertial group of χ.
Lemma 3.1 T (χ)/H is a p -group.
Proof. Since H is a normal p -subgroup, a block of G/H forms a block of G by inflation ( [21] , Chap. 5, Theorem 8.8). Thus G/H has exactly one block and f 0 = 1 |H| h∈H h is the block idempotent of the principal block of G. Note that the sum of block idempotents always equals to 1. Thus f 1 = 1 − f 0 is the block idempotent of the block of defect zero. Clearly, 1 ∈ supp(f 1 ) since otherwise G has two blocks of maximal defect. This implies that for each 1 = h ∈ H the centralizer C G (h) is a p -group. Thus, by Brauer's permutation lemma ( [21] , Chap. 2, Lemma 2.19), the stabilizer T (χ) of χ is a p -group for all non-trivial characters χ of H. P
Lemma 3.2 We have T (χ) = H.
Proof. By the Fong-Reynolds theorem ( [21] , Chap. 5, Theorem 5.10), the blocks of T (χ) lying over χ are in one-to-one correspondence with the blocks of G lying over χ. Thus there is only one block of T (χ) lying over χ. Note that this block must be of defect zero, hence consists of an irreducible character, say ψ. This implies that ψ| H = eχ for some e ∈ N.
By ( [14] , Exercise 6.3 on page 95), we have e 2 = |T (χ) : H|, and by Lemma 3.1, we know that |T (χ) : H| is a p -number. On the other hand the non-principal block of G consists of an irreducible character of degree |G| p which implies that e is a power of p. Thus T (χ) = H. P
To complete the proof of Theorem 1.2 note that Λ = χ G is an irreducible character of G of p-defect zero and |G : H| = Λ(1) = |G| p . Hence G = HP where H is an elementary abelian r-group (r a prime) and P is a Sylow p-subgroup of G which acts regularly on H \ {1}. This completes the proof.
Blocks of non-abelian simple groups
In order to prove Theorem 1.4 we investigate finite non-abelian simple groups. According to the classification theorem of finite simple groups such a group is one of the following: an alternating group A n (n ≥ 5), a finite simple group of Lie type, or one of the 26 sporadic simple groups. Note that there are some isomorphic cases, such as
Alternating groups
Proposition 4.1 Let n ≥ 5 and let p be a prime dividing |A n |. Then | Cl(Bl(A n ))| ≥ 3 with the following exceptional cases: Furthermore G = A 5 , A 6 and A 8 are the only groups which have an irreducible character of degree |G| 2 in the cases (i) and (ii).
Proof. The complex irreducible characters of S n are naturally labeled by the partitions of n. Let Irr(S n ) = {[λ] | λ n} where λ n denotes a partition of n. Then the restriction [λ] An of [λ] ∈ Irr(S n ) to A n is irreducible if λ is not self-conjugate. Using GAP [8] , it is easy to check that the proposition is true for n = 5, 6, 7 and 8. So we may assume n ≥ 9.
We first consider the case n = p. Let α = (p − 2, 2) and β = (p − 3, 2, 1) be partitions of p. . Therefore,
Thus A n = A p has at least two p-blocks of defect zero which are not Aut(G)-conjugate and we are done in this case. Similarly, the above statement holds for the cases n = p+1 and n = p+2. This follows from the partitions α = (p, 1), β = (p − 1, 1, 1), α = (p, 1, 1) and β = (p − 1, 2, 1), which imply that {p,
} ⊆ cd(A p+2 ). Next we assume that n > p + 2. Let x = (12 · · · p). Then C An (x) = x × A n−p . By Theorem 1 of [10] , A n−p is not of p-deficiency class 0 for n > 7. So A n is not of p-deficiency class 1, by Lemma 2.10. Since for all n ≥ 5 the alternating group A n always has a p-block of defect zero provided p ≥ 5 (see [9] , Corollary 1), we deduce that
We now consider the case p = 3 and n = 3m + 1 for some m > 2. Let B 1 and B 2 be the two 3-blocks of S n corresponding to the 3-cores (3, 1) and (5, Suppose that b i is the 3-block of A n covered by
we see that neither b 1 nor b 2 is the principal p-block of A n . Thus we have again
Similarly, we obtain | Cl(Bl(A n ))| ≥ 3 if n = 3m − 1 or n = 3m for some m > 2. In the first case we choose the 3-cores (3, 1 2 ) and (4, 2, 1 2 ), in the second the 3-cores (4, 2) and (3, 2 2 , 1 2 ).
Finally, we assume that p = 2. GAP's library [8] shows that A n has exactly two 2-blocks for n = 9, 11, 13. If n is even and n ≥ 10, then we have at least three 2-cores for partitions of n, namely, ( ), (3, 2, 1), (4, 3, 2, 1).
Since |S n : A n | = 2, it follows that | Cl(Bl(A n ))| ≥ 3 in this case. The same holds true if n is odd and n ≥ 15. Indeed, we may choose the 2-cores (1), (2, 1) and (5, 4, 3, 2, 1) . P
Simple groups of Lie type
For a finite group G we denote by π(G) the set of primes dividing the order of G.
Proposition 4.2 Let G be a finite simple group of Lie type in defining characteristic r and let p be a prime dividing |G|. If p = r and |π(G)| ≤ 4 then | Cl(Bl(G))| ≥ 3, with the following exceptional cases:
Moreover, all of them have an irreducible character of degree |G| 2 .
Proof. By Theorem 2 of [27] or Theorem 1 of [13] , either G ∼ = L 2 (q) or G is one of the following groups:
Sz (8) and Sz(32).
Step 1. Suppose that p is odd and G ∼ = L 2 (q). GAP's library shows that | Cl(Bl(G))| ≥ 3 for q ∈ {4, 5, 7, 8, 9, 11}, with the exceptions q = 4, 5, 8 and p = 3. In the exceptional cases we have | Cl(Bl(G))| = 2. Thus we may assume q = r f > 11. For the irreducible characters of L 2 (q) we refer the reader to ( [7] , Section 38). Assume that q is odd and 4 | q −1. According to the character table of L 2 (q) we have cd(G) = {1, q, q + 1, Next we assume that q is odd and 4 q−1. Then cd(G) = {1, q, q+1, q−1, Step 2. Suppose that p = 2 and G ∼ = L 2 (q). Since p q we have q odd. GAP's library [8] shows | Cl(Bl(L 2 (11)))| = 4 and that the proposition holds for q = 5, 7, 9. For q ≥ 13, we have | Cl(Bl(G))| ≥ 3 by using the same argument as in Step 1.
Step 3. We now suppose that G is a group in the list of the beginning of the proof. By the Atlas [5] and the online data of [18] or using GAP [8] , we deduce that | Cl(Bl(G))| ≥ 3. In fact, for odd p, we have that G satisfies one of the following properties:
(1) G has at least three p-blocks of distinct defect; or (2) G has at least two p-blocks of defect zero which are not Aut(G)-conjugate. For p = 2 the groups L 3 (3), U 3 (3), U 4 (3) and G 2 (3) are of 2-deficiency class 1. But it still holds that there are at least three Aut(G)-conjugacy classes of 2-blocks. For the remaining groups, the situation is the same as for odd p. P Proposition 4.3 Let G be a finite simple group of Lie type in defining characteristic r and let p be a prime dividing |G|. If p = r and |π(G)| ≥ 5 then | Cl(Bl(G))| ≥ 3.
Proof. Let G be a simple simply connected algebraic group over the algebraic closure of a finite field F q , where q is a power of the prime r, and let F : G → G be the corresponding Frobenius endomorphism. Let G = G F be the finite group of fixed points and assume that G/Z( G) is simple. Since all finite simple groups of Lie type apart from Tits' simple group can be constructed in such a way, we may assume G = G/Z( G).
In the following we may exclude the Tits simple group since it contains at least three classes of p-blocks according to GAP. Let T be an F -stable maximal torus of G and let (G * , F * ) be the dual pair of (G, F ) with respect to T (see [6] , Definition 13.10). Similarly, denote G * = G * F and note that |G| = |( G * ) |.
Recall that a Lusztig series E( G, s) associated to the geometric conjugacy class (s) of a semisimple element s ∈ G * is the set of irreducible characters of G which occur in some Deligne-Lusztig character R G T (θ), where θ ∈ Irr(T ) and (T, θ) is of the geometric conjugacy class associated to (s) (see [6] , Definition 13.16). Lusztig's fundamental result asserts that Lusztig series associated to various geometric conjugacy classes of semisimple elements of G * form a partition of Irr( G) (see [6] , Proposition 13.17). Let σ ∈ Aut( G). Then σ extends to a bijection morphism σ 1 : G → G of algebraic groups which commutes with F (see also the remark after Corollary 2.5 of [23] ). By ( [23] , Corollary 2.4), σ 1 is compatible with Lusztig series and preserves the orders of the semisimple elements labelling them.
Let s be a semisimple p -element of G * . By ( [6] , Theorem 13.23), there is a bijection between E( G, s) and the set of unipotent characters of C = C G * (s) F * . Therefore, to every conjugacy class (s) corresponds a so-called semisimple irreducible character χ s ∈ E( G, s) which is in correspondence with the trivial character of C. Furthermore, if 1 = s is contained in the derived subgroup ( G * ) then Z( G) ⊆ ker(χ s ) by ( [24] , Lemma 4.4). So χ s can be viewed as an irreducible character of G. Since |π(G)| ≥ 5, we can take at least three {p, r} -elements of ( G * ) of different prime orders, say s i for i = 1, 2, 3. Thus the semisimple characters χ s i corresponding to s i are actually irreducible characters of G and ofĜ. As characters of G they are in blocks, say b i of G. In addition, these characters remain irreducible modulo p by ( [11] , Proposition 1). Since G = G/Z( G) it follows that each b i is contained in a (unique) block B i ofĜ (see [21] , Chap. 5, Theorems 8.8 and 8.10).
Furthermore, the set
is a union of p-blocks of G according to a fundamental result ([3] , Théorème 2.2) due to Broué and Michel. With the observation above, the E( G, s i ) and hence the blocks B i of G containing the χ s i lie in different orbits under the action of the automorphism group Aut( G). Since Aut(G) can be viewed as a subgroup of Aut( G), we conclude that the blocks b i of G containing the χ s i lie in different orbits under the action of Aut(G). Thus | Cl(Bl(G))| ≥ 3. P
